Tracking the Best Predicting M odel

Steven de Rooij *

Abstract

According to standard MDL and Bayesian model selection, wezikl (roughly) prefer
the model that minimises overall prediction error. But i tipoal is to predict well, it
may well depend on the sample size which model is most usefuredict the next out-
come. By re-interpreting the Bayesian prediction straggissociated with the models
as “experts”, we can use the various algorithms for “expadking” to improve model
selection for prediction without introducing a substant@mputational overhead.

1 Model Selection Preliminaries

A model M = {Fy|0 € O} is a set of probability distributiondMiodel selection is choosing the “most
useful” model based on the available observatiohs= x,...,z, € X™. For simplicity, we consider
only model selection criteria that satisfy Dawidsak prequential principle [1, 2]. That is, models are
considered “useful” if we can use them to consthqurediction strategies that give high probability to the
data, or, equivalently, achieve low accumulated prediatizor, where prediction error is measured using
logarithmic loss. More discussion about how our resultatesio model selection for other applications,
such as truth finding, can be found in [4]. To further simplifie presentation, we assume thatis
countable, we identify probability distributions with thdefining mass functions, and we treat the sample
sizen as a given rather than considering random processes.

As the most important special case, we consider Bayes fatdel selection, where prior distributions

wi,. .., wy are defined on the parameter spa@gs. . . , © ¢ of each of the models. By “integrating out”
the parameter we obtain, for each modé}., an associated marginal distribution:
Pia) = [ Pala"yun(6)ch &
0Oy,

By subsequently defining a prior distributid¥ on the models, we can then use Bayes’ rule to compute
the posterior odds
P(Mlz") W) Pi(a")
P(Mjlam)  W(j) Pj(an)’
in other words, the posterior odds are the prior odds migtidby the probability ratio of the data, which
is called the “Bayes factor”.

We now take a step back and use the chain rule for conditionaBbility to rewrite (1) as
Py(2™) = Py(x1) - Pe(za|zt) - ... - Pe(x,|z™ 1),

to obtain a prediction strategy. Thus, Bayes factor modettien satisfies the weak prequential principle,
and it is an example of the model selection criteria we carsid
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2 Example: First vs Second Order Markov Chains

We give a concrete, simple example of Bayes factor modetsete Let M; and M- be the sets of all
firstand second order Markov chains on the 8-bit ASCIP8gtY'| = 256. The models are parameterised
by their transition probabilities. Now Ié?; and P, be corresponding Bayesian prediction strategies based
on uniform priorsw; (6) = 1 andws(f) = 1. We also use a uniform pridi’ (1) = W(2) = £ on the
models. Finally let:™ be the sequence of ASCII symbols that constitute Alice in téoland, which has
n = 152089. We can now calculate

P(Myfa™) — Py(z") _ 2750917 923985

P(M2|l_n) - pz(l.n) T 9593132

Thus, Bayes factor model selection tells us that the oddsaevhelmingly in favour of the first order
Markov model. This suggests that we should also expgdb issue better predictions, i.e. if Carroll
were to rise from the grave and write an additional chaptéigdeloved story, we might expect that
assigns higher probability to, and accumulates less losthahnew chapter.

This assumption turns out to be false, certainly in this gdemThe reason is that the incurred loss for
P, and P; is not evenly distributed over the entire sample, which msdhat even thougl’; may have
accumulated less loss overall, it may still be the case fhas making better predictionat the current
sample size. This becomes very clear if we look at the, of the Bayes factor as a function of the length
of the prefix of the novel.

From the graph it is clear that around

prefix length 78,000, the two predic- 45000
tion strategies perform more or less 40000 b
equally well, since the Bayes factor 35400
hardly changes there. Beyond sampl&

size 78,000, the strategy based on th@ 30000
second order Markov chain model ac-g 25000
cumulates less loss, causing the Baye§ 20000
factor to decrease. Howevey has ac- 15000
quired so much evidence in its favour,2
that it will take many outcomes before ~ 10000

P, can finally catch up in terms of ac- 5000 R
cumulated prediction error. Only then 0 ‘ ‘ ‘

will P, be preferred by Bayes factor 0 40000 80000 120000 160(
model selection. We call this ttoatch- prefix length

up phenomenon.

To put this example in perspective, note that weratetrying to suggest that either the models or the
priors we used are reasonable. We used this extremely neawrapde only for simplicity and because
it illustrates the phenomenon we are interested in so well. One may ask glteromenon would still
occur if we had used better models. The answer is yes: eviea ihbdels are chosen carefully so that one
of the considered models is “true”, i.e. it contains therdistion from which the data were sampled, then
it may still be the case that, at lower sample sizes, the gtiedistrategies associated with other, simpler
models may be much more effective, so that the catch-up phenon will still occur. Furthermore, the
processes we encounter in practice are often so complegvbatthe best models we can come up with
are naive, and we are forced to use uninformative priors. €maenple is the nonparametric setting, see
[4]. We would still like to make the best predictions we camlenthose circumstances!

3 Expert Tracking

To improve predictive performance when the catch-up phemam occurs, we would like to figure out
which prediction strategy issues the best predictionsjusitoverall, butat each sample size. For in-



Figure 1: Bayesian Model Averagin
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stance, in the Alice example we would want to switch from p#eh according toP; to prediction
according taP, around sample size 78,000 rather than never.

It turns out that algorithms to do just this already existniddy, we may think of the prediction strategies
Py, ..., Pg associated with the models as “experts”, which is just agrotbord for an algorithm that
issues predictions given a sequence of past observatioasvil\how describe some known algorithms
for prediction advice that are useful in this context.

As explained in [5], many algorithms for prediction with eéxpadvice can be implemented by forward
propagation on hidden Markov models (HMMs). Bayesian Madlaraging (BMA) is one of the sim-
plest. It mixes the expert predictions according to thestpoor weights as follows:

P(zp41]a") ZPk (@12 yw(k]z™). @)

Figure 1 shows the corresponding HMM for four experts lathdle .., 4. It can be interpreted as a
description of a prior distribution, not on the experts, batsequences of experts. Namely, the prior
probability that experk is used at sample sizeis the sum of the weights of all paths from the starting
state to the state(s) associated with expeat sample size.. The weight of a path is the product of
its transition probabilities. The HMM in Figure 1 containslp one path to each expert and that path
visits no other experts. Thus, only expert sequences tmaicoexactly one expert receive nonzero prior
probability: switching between experts is not catered for. This inability to swhelween experts needs
to be addressed in order to alleviate the catch-up problem.

A second simple algorithm for prediction with expert adviioes to the other extreme: here it is not only
possible to use different experts at different sample stmgswhich expert is used at sample size- 1
does not evedepend on which expert is used at sample sizeThe corresponding prediction strategy is

P(xnia|z") Zpk (@n 1|z Jw (k). ®3)

In their groundbreaking paper “Tracking the Best Exper}, ferbster and Warmuth interpolate between
these two extreme approaches: rather than never or alwagysswitch to a different expert with fixed
probability , as in Figure 3. Note that, as before, forward propagation on this HMM onlgdwto
maintain K weights, and requires total running time proportional te ttumber of experté& and the

Actually, unlike FixedShare, the HMM in Figure 3 allows switching to the sanpee:xHowever, it can be made
to simulate FixedShare by using a slightly lower valuedor



Figure 2: Elementwise Mixture
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sample sizer. The corresponding prediction strategy is in between (2)(8)
P(zp41]2™) ZPk Tpi1|2™) (1 — a)P(K, = klz") + aw(k)). 4)

Herbster and Warmuth compare the logarithmic loss incubsedrixed-Share to that incurred by any
partition of the data inten blocks, where any expert is used within each block. They shetv

Prparfz™)
Hooad) < (o — 1) (a) + log K + (m— log(K — )

log
provided that the parameteris optimally tuned tqm —1)/(n—1). This result can be applied directly to
our Alice in Wonderland example: ideally we would partitithe data intan = 2 blocks, with the split
appearing somewhere around sample size 78,000. The Fha@-8ound tells us that, compared to this
optimal partition, the logarithmic loss using the FixedaBhalgorithm it most (n—1)H (-5 )+1 < 17
bits higher. This overhead is negligible compared to the,gahich is of the order of 9,000 bits, as can
be read from the log Bayes factor graph. Namely, compareditgu; for the entire book, we gain the
difference between the height of the graph at index 78,068utal 33,000 bits) and at full sample size
(around 24,000 bits).

The Fixed-Share algorithm does require tuning of the switghiate alpha. However, by letting the
probability of the switching transitions decrease as ation®f the sample size, it is possible to do away
with the parametes at only a moderate cost in terms of the performance guaraMeee information
about other expert tracking algorithms in HMM format is giva [5].
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