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Abstract

Bayesian networks are parametric models for multidimensional domains exhibiting
complex dependencies between the dimensions (domain variables). A central problem
in learning such models is how to regularize the number of parameters; in other words,
how to determine which dependencies are significant and which are not. Thenormal-
ized maximum likelihood (NML)distribution or code offers an information-theoretic
solution to this problem. Unfortunately, computing it for arbitrary Bayesian network
models appears to be computationally infeasible, but we show how it can be computed
efficiently for certain restricted type of Bayesian networkmodels.
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be a data matrix where each row,xi,: = (xi,1, xi,2, . . . , xi,m), 1 ≤ i ≤ n, is anm-dimensional observa-
tion vector, and columns ofxn are denoted byx:,1, . . . ,x:,m.

A parametric probabilistic modelM := {p(xn ; θ) : θ ∈ Θ}, whereΘ is a parameter space,
assigns a probability mass or density value to the data. Auniversal modelfor M is a single distribution
that, roughly speaking, assign almost as high a probabilityto any data as the the maximum likelihood
parameterŝθ(xn).

Formally, a universal model̂p(xn) satisfies

lim
n→∞

1

n
ln

p(xn ; θ̂(xn))

p̂(xn)
= 0 , (1)

i.e., the log-likelihood ratio, often called the ‘regret’,is allowed to grow sublinearly in the sample sizen.
The celebratednormalized maximum likelihood(NML) universal model [19, 22]

pNML(xn) :=
p(xn ; θ̂(xn))

CM(n)
, CM(n) =

∫

Xn

p(xn ; θ̂(xn)) dxn

is the unique minimax optimal universal model in the sense that the worst-case regret is minimal. In fact,
it directly follows from the definition that the regret is a constant depending only on the sample sizen:

ln
p(xn ; θ̂(xn))

pNML(xn)
= lnCM(n) .



For some model classes, the normalizing factor is finite onlyif the rangeXn of the data is restricted, see
e.g. [19, 20, 2]. For discrete models, the normalizing constant,CM(n), is given by a sum over all data
matrices of sizem × n:

CM(n) =
∑

xn∈Xn

p(xn ; θ̂(xn)) .

2 Bayesian Networks

Let us associate with the columns,x:,1, . . . ,x:,m, a directed acyclic graph (DAG),G, so that each column
is represented by a node. Each node,Xj , 1 ≤ j ≤ m, has a (possibly empty) set ofparents, Paj , defined
as the set of nodes with an outgoing edge to nodeXj . Without loss of generality, we require that all the
edges are directed towards increasing node index, i.e.,Paj ⊆ {1, . . . , j − 1}. If this is not the case, the
columns in the data, and the corresponding nodes in the graph, can be simply relabeled, which does not
change the resulting model. Figure 1 gives an example.
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Figure 1: An example of a directed acyclic graph (DAG). The parents of nodeX8 are{X1,X5,X7}. The
descendants ofX4 are{X5,X8}.

The idea is to model dependencies among the nodes (i.e., columns) by defining the joint probability
distribution over the nodes in terms oflocal distributions: each local distribution specifies the conditional
distribution of each node given its parents,p(Xj | Paj), 1 ≤ j ≤ m. It is important to notice that these
arenot dependencies among the subsequent rows of the data matrixxn, but dependencies ‘inside’ each
row,xi,:, 1 ≤ i ≤ n. Indeed, in all of the following, we assume that the rows are independent realizations
of a fixed (memoryless) source.

The local distributions can be modeled in various ways, but here we focus on the discrete case. The
probability of a child node taking valuexi,j = r given the parent nodes’ configuration,pai,j = s, is
determined by the parameter

θj|Paj
(r, s) = p(xi,j = r | pai,j = s ; θj|Paj

) , 1 ≤ i ≤ n, 1 ≤ j ≤ m ,

where the notationθj|Paj
(r, s) refers to the component of the parameter vectorθj|Paj

indexed by the value
r and the configurations of the parents ofXj . For empty parent sets, we letpai,j ≡ 0. For instance,
consider the graph of Fig. 1; on each row,1 ≤ i ≤ n, the parent configuration of columnj = 8 is the
vectorpai,8 = (xi,1, xi,5, xi,7); the parent configuration of columnj = 1 is pai,1 = 0, etc.

The joint distribution is obtained as a product of local distributions:

p(xn ; θ) =

m
∏

j=1

p(x:,j | Paj ; θj|Paj
) . (2)

This type of probabilistic graphical models are called Bayesian networks [18]. Factorization (2) entails a
set of conditional independencies, characterized by so called Markov properties, see [16]. For instance,
the local Markov propertyasserts that each node is independent of its non-descendants given its parents,
generalizing the familiar Markov property of Markov chains.



3 NML for Bayesian Networks

The NML distribution based on (2) and a fixed Bayesian networkgraph structureG is given by

pNML(xn ; G) =

∏m

j=1
p(x:,j | Paj ; θ̂(xn))

CG(n)
, (3)

where

CG(n) =
∑

xn

m
∏

j=1

p(x:,j | Paj ; θ̂(xn)) . (4)

The required maximum likelihood parameters are easily evaluated since it is well known that the ML
parameters are equal to the relative frequencies:
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∣
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∣

∣
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∣

∣

, (5)

where|S| denotes the cardinality of setS. However, direct summing over all possible data matrices isnot
tractable except in toy problems wheren andm are both very small.

For a single (independent) multinomial variable withK values, the normalizing constant can be computed
in quadratic time using the recursion [7, 11]:

CK(n) =

n
∑

r1+r2=0

n!

r1!r2!

(r1

n

)r1
(r2

n

)r2

· CK∗(r1) · CK−K∗(r2), (6)

which holds for allK∗ = 1, . . . ,K − 1. A straightforward algorithm based on this formula can be used
to computeCK(n) in timeO

(

n2 log K
)

. In [5, 9] the quadratic-time algorithm was further improved to
O (n log n log K) by writing (6) as a convolution-type sum and then using the Fast Fourier Transform
algorithm. However, the relevance of this result is uncleardue to severe numerical instability problems it
easily produces in practice. Moreover, although these results have succeeded in removing the exponen-
tiality of the computation of the multinomial NML, they are still superlinear with respect ton. In [10]
a linear-time algorithm based on the mathematical technique of generating functions was derived for the
problem. In this paper it was shown how the properties of the so-calledCayley’s tree function[4, 1] can
be used to prove the following remarkably simple recurrenceformula:

CK+2(n) = CK+1(n) +
n

K
· CK(n). (7)

It is now straightforward to write anO (n + K) time algorithm for computing the multinomial NML
based on this result. The algorithm is also very easy to implement and does not suffer from any numerical
instability problems.

The one-dimensional single multinomial case is of course not adequate for many real-world situations,
where data is typically multi-dimensional and involves complex dependencies between the domain vari-
ables, but it is a useful building block that can be exploitedwith more complex Bayesian networks. An
example of a domain where the multinomial NML can be directlyapplied is histogram density estimation,
as demonstrated in [10].

In [11], a quadratic-time algorithm for computing the NML for a specific Bayesian network structure,
usually called the Naive Bayes, was derived. In this case theBayesian network forms a single-layer tree
where one of the variables is the root, an the other variablesform the leaves. This model family has been
very successful in practice in mixture modeling [14], clustering of data [11], case-based reasoning [12],
classification [3, 13] and data visualization [8]. The time complexity of the algorithm isO

(

n2 + L
)

,
whereL denotes the number of values of the root variable. This result was further improved in [17]
to O

(

n2
)

. For more complex Bayesian network structures, we have beenable to derive an algorithm



which runs in polynomial time with respect to the the number of values of the leave nodes, but is expo-
nential with respect to the number of values of the non-leavenodes [15, 23]. For Bayesian networks of
arbitrary complexity, it appears that the problem of computing the NML is not feasible [6]. However,
recently developed new variants [21] of the standard NML offer an alternative, computationally efficient
information-theoretic approach for regularizing Bayesian network models.
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