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Abstract

Abstract

This paper introduces universal models based on sequentially minimized
squared deviations, which are smaller than the usual sum of the least squares,
which, in turn, are smaller than the squared prediction errors in the so-called
"plug-in’ models. We prove that these models are asymptotically optimal for lin-
ear quadratic regression problems, where the regressor (design) matrix is either
non random or determined by the observed data as in AR models, by reaching
the stochastic complexity. They also provide criteria for estimation of the num-
ber of parameters and the structure where the parameters lie both for small
and large amounts of data, and importantly there are no hyper parameters.

1 Introduction

In this paper we are concerned with deriving a model selection criterion for a class
of normal models f(y" | Xp;02,b) = (2m02)"™/2e 27 21—V inquced by the
regression equations

v = 0'Ty + €, (1)
where the prime indicates transposition, v’ = (b(1),...,b(k)), some k. The deviations
{e:} are taken as an iid sequence generated by a normal distribution of zero mean and
variance o2. The columns Z; = x4, . . . , Ty of real valued elements, defining the regres-
sor matrices Xy, are either fixed numbers, not related to y™, or T, = col{y;_1, ..., yi—r}
as in AR models.

For each t = 1,2,...n let k(t) be the largest integer such that the least squares
estimate b, = (by1,. .., byk()) can be uniquely solved. Hence, typically k(t) = t except
for AR models, where k(t) = t — 1. Consider the three representations of data for
t=1,2,...nand k(t) <k, some k

k(1)
y = b T +e = Z be—1,%¢; + e, (2)
i=1
k(1)
Y = b;ljt + ét(n) = Z bn,i$t,i + €t(n), (3)
i=1
k(1)
y = b +é = Z by iy + €. (4)
i=1

The predictor }b;_1 of y; in the first is sometimes called the ’plug-in’ predictor, in
which the parameters are calculated from the data available up to ¢t — 1. The plug-in

model defines a conditional normal density function for ¢ > m,

t—1 _ 1 _257% e
flydy ™ X)) = T ¢
\/2mo7 4
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where m is the smallest integer ¢ such that k(t) = k and y* = yy,...,y;. It defines the
so-called PMDL (Predictive Minimum Description Length) criterion,

PMDL = [In6} + (ye — b1 7:)" /6 4],
m+1
studied in [4], [2], [6], and [14]. Tts special case for constant variance 67 ; = o2 is the
PLS (Predictive Least Squares) criterion, studied in [11] and [14]. Both of these are
examples of Dawid’s prequential models, [3].

The second representation is traditional, and it, too, has an associated model
selection criterion, BIC, [15] or, equivalently, the early version of the MDL criterion,
[9]. The third representation, which we are interested in, is new.

All these various criteria, including the one studied in this paper, have a common
basis, which explains their good asymptotic behavior: They may be seen to be the
negative logarithm of an optimal universal density model. A density function f(y"|X,)
for a class of parametric models My = {f(y"|X,,;0)} is called universal, if

1 "X, 0
1 T Xas)
no 7 fyrXa)
for all parameters 6 = 601,...,0;, € Q, and optimal universal if the convergence is the

fastest possible; the convergence is either in the mean or almost surely or both.

In case of the plug-in models, the criterion is the negative logarithm of a nor-
mal density function, whose universality follows from the consistency, and asymptotic
optimality from the further analysis in the cited papers. The second representa-
tion gives a non normalized density function f(y"|X,;by,,52), which when normalized
by Cok = ey f(2" X0 bn, 62)dz2" gives a universal NML (Normalized Maximum
Likelihood) model, [1]. The range of integration Y requires hyper parameters. An
equivalent construct as a Bayesian mixture, which also requires hyper parameters for
the prior, exists, [5]. Again the universality and optimality follow from analysis.

We show in this paper that the third representation (4) also induces a conditional
density function, but it is not normal. It induces the density function for all the
data y", which we show also to be optimal universal. Because it uses more data than
the plug-in model in the least squares estimate the sum of the squared deviations is
smaller than in the plug-in model. Because it calculates the least squares estimates
recursively, its sum of the squared deviations is smaller than even that in the tradi-
tional representation (3). All told, because it is asymptotically optimal and has the
smallest fitting error without over parametrization it seems to provide an excellent

criterion for model selection.



2 Linear quadratic regression models

2.1 Minimized sum of the squared deviations

For each fixed k, say for t > m, where m is the smallest value for ¢ for which k(t) = k,

the well known recursions exists, see for instance [7],

¢
by = VoY &y = b + Vi@ (ye — Tbi—1) /(1 + 1) (5)
j=1
Vi = (thé)fl =V = VilZuz, Vi /(1 + ) (6)
o = V%
di = TViZy

The last equality was shown in [6] and [14] with the interpretation that the quantity
1 — d; is the ratio of the (Fisher) information in the first £ — 1 observations relative
to all the ¢ observations, [14].

We derive first the sequentially minimized sum of the squared deviations. Let
T, ={1<t(1) <t(2) <...<t(v) =n} be an increasing set of indices, and consider

the sum of the squared residuals

y—1 t(i+1)
5,(T,) = 81y + Z Z (y; — f;bt(z‘+1))27 (8)
i=1 j=t(i)+1

where 81y = €2 + Y5V (y; — b;z;)?. The minimizing set will be seen to be T, =
{1,2,...,n}, and with the notation (4) the minimized sum of the squares for ¢t < n,

all n, is given by
t

ét = Z(yﬂ — Lf;bj)2 = §t71 + é? (9)
=1
To see this write ¢(i + 1) = 7/ and ¢(i) = 7 and
t

se =y (y; — biz))*. (10)

1

Then for 7/ — 7 > 1

A2
S — 8y > Sp_q1+ €L — S

~ ~2 ~9
> 57-/_2 + 67_/_1 + 67—’ - 37—

42 42 42
> ery ..o+ en e



2.2 Sequentially Normalized Model

The main objective is to get statistical information from the data with the sequentially
minimized quadratic loss function. However, in order to be able to measure both the
loss function and the complexity of the model in the same units, bits, the loss function
is converted in the MDL theory into a universal density model.

Consider first the case where the variance o2 is fixed. Consider the non-normalized

conditionals

7'('(72 20'2

obtained by replacing the parameter vector b in the conditional normal density func-

1 02
f(yt | yt_laXt;UQ,bt) = 5 exXp <—(ytyt)> ) (11)

tion f(y: | y'~1, X4;0%,b) by the least squares estimate b;, where
Jp = Tyby.

If we in (11) replace the variance by the minimized variance ; = (1/t)$; and try
to normalize the result the normalizing integral will be infinite. To make it finite

would require hyper parameters. Consider instead the maximization problem

m%fo(yt |y X502, by). (12)
7 t=1

—n/2

With the solution 62 = 1§, the minimized product is (2med2) /2. By dropping the

constant we get the non-normalized and normalized conditional density functions

A—t/2 N —t/2
1y - Sy ¥ _ 12y (Y — Z/t)2 /
f(yt | y o, t) = —u—npe - St + s
Sy1 t—1

(1 bty

£ t—1 _ 8¢—1
f(yt | ) 7Xt) = S K(ytil)
00 a2 /2
K(yt_l) _ §;1{2/ <1+ (yt§ Ut) ) dy,.
—00 t—1

To get the normalizing integral we write first

U = Ty =dyy +

dy = zV,7, (13)
Y = fngttZ:%yifi, (14)

where y; does not depend on 7. Then
K =5 [T o - Ty (15
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By change of variables
P 1 - dt( _ gt )
o 1—dy

we get

K(y™) = K= 5 _1 d, /0:0(1 + &%)z = 1{%th (t P 1) /L),

the last equality by the fact that z is seen to have Student’s distribution.

The conditional density function is then given by

~—1/2 2 _ —t/2
; - - 1—d ) Yt
t—1 X St—1 1 ( i o 2 16
fyely™ Xe) K, + a5, (v T_ dt> (16)

~—1/2
St /

PRUEN

_ 1
_Ktl

We see that again the predictor that maximizes the conditional density function is
the plug-in predictor. By putting the initial density function f (y1|X1) = fyr| X5 M),
where A denotes the empty parameter and which we assume to be in the family, we
get the desired parameter free density function, called SNLS (Sequentially Normalized
Least Squares) model

F6 1 X)) = ™ | Xo) ﬁ (e | ', X0) an)

nl/f(y" | X,) = gln(én) I'(n/2) +1nH (18)

_dt

= ﬁln (2mes,/n) + Z In(1+¢;) + 1lnn—i—O(l) (19)
2 e 2

which is universal in the family of the normal density functions considered. The

negative logarithm of the SNLS model (19) gives a criterion for the order selection as

well as one for denoising for both small and large data sets. One of its distinguished

properties is the fact that unlike the NML universal model it has no hyper parameters.

We conclude this subsection by a large data set behavior of the SNLS model,
provided the regressor variables z; satisfy

PR (20)
1

S|

Then .
Inl/f(y" | Xn) — § In(27mes, /n)

Inn

— k+1/2. (21)



To obtain this we apply Stirling’s approximation to the gamma function I'(n/2)
and get then from (20) In(1 + ¢;) = ¢; + O(1/t?). By the first of the following results,
derived in [11] and [14],

1 n
hanCt — k (22)
1 n

Z d, — k. (23)

lnn

we deduce (21).
We show in the rest of the paper that the SNLS model is also optimal universal in
senses to be specified.

2.3 Fixed regression matrix

The first theorem shows the mean square deviations in the three representations of
data (3), (2), and (4), which are of some interest. Since we need the recursive formulas
(5), (?7), (7) we give the results for ¢t > m.

Theorem 1 If the regressor variables are non random satisfying (20) and the data
generated by (1), then

Z E& = (;2(1_ _1 zn: dt) (24)

t m—+1 t=m-+1
1 n
Z Ee? = o? (1+ > ct> (25)
m i n—m,_ "
Z Eé? = o2, (26)
—m

where the expectation is with the parameters b and o.

Proof: To obtain (25) we start with y; = Zib+¢;

t—1

i _
e = Yy —TVia Z TiYi
t=1
t—1

= -5,V Z Zi€i,
t=1
and noticing that 7}V, 1 Y'2] 2;7/b = #,b. Further by the fact that {¢} is a 0-mean

iid sequence
t—1
Ee} = o*(1+ Vi1 Y 5i@Vioa®) = 07 (1 + ¢).

i=1



To derive (24) we have as above

t

N —/ —

e = et—xtwg Ti€;
t=1

t—1
Béd = o*l(1—d)* + TV, > 7,3 Viz)
=1
= 0'2[1 +d? - 2dt ‘|—dt - d?]

= 02(1_dt)7

where we first added the term d? = 7}V, 7,7,V;Z; in the brackets, which made the sum
term d;, and then we subtracted the same term d?.

To prove the remaining equation (26) we have as in the previous case

é&(n) = e —x,V, Z Ti€;
i=1
= (1— e — 7V, Ziiei
itt
Eé(n) = ol(1 = w) + 3V Y 22 Voii]
it
= 02<1 - :ut)u

where u; = 7,V,7; = tr(V,z:7;). Here we also added and subtracted the term p? in
the brackets. Then

Y Eé&(n) =o*(n—k).
t=1

The same way
S Eé(m) = a(m — k),
t=1

and Equation (26) follows concluding the proof.
The next theorem shows the asymptotic optimality of the SNLS model in a mean
sense in the case where the regressor matrix is fixed, independent from the data y".

Theorem 2 Let the assumption (20) hold. Then

Elnl/f(y"| X,) — 2In(2mes?®)  k+1
_)
Inn 2

(27)
for almost all parameters b and o. Also,

Inl/fy" | X,) — 2In(2mec?)  k+1
H
Inn 2

almost surely.



To prove (27) take the mean in (21) and exchange the mean and the logarithm on
the right hand side. We get by Jensen’s inequality

. 1
Elnl/f(y"| X,) < gln(27reE§n/n) + Inn + o(Inn).

Substituting (24) and applying (23) we then conclude that

E+1+0

Elnl/f(y" | X,) < gln(27r(202) + 5

Inn, (28)

or X
Elnl/f(y"| X,) — %In(2rec?) < k+1+6

- 2
for large enough n. By Theorem 1 in [10] the opposite inequality holds for all data

lnn

generating parameters except some in a set of Lebesgue measure zero, and (27) holds.
The proof of the a.s. result is an exercise in martingales; in fact, Problem [15],
page 165 in [8]. Define & = €7 — (1 — d;)o?, and s,, = 327 &/t, which is a martingale.

We have

Es? = Z B/ +2) =2 5’51
1<j

Since E§;§; = EE;;§¢ = 0, where E;); denotes the conditional expectation. Since

E¢? is uniformly bounded so are both Es? and E|s,|. By Doob’s martingale con-

vergence theorem s, converges a.s. to a finite limit. The limit is o? by Kronecker’s

lemma. In fact,

” +2(Sy—S1)+...+n(S, —S,—
1 n
_ g St 480

Since S,, < s, and s,, converges, so does .S,,. Both terms in the right hand side of the
last equality converge to the same limit, and hence the limit of S, is zero.
This means that

Y= Td(1—d) =0
1 1
a.s., which we write as

2 n

z::éf +o(l) =3 (1—d).

ng
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We have by (23)

so that

which completes the proof.

2.4 AR models

We then consider the case where the data are generated by an AR model,

k
Y = Zaiyt—i +e, t > 1, (29)
i=1
in which the regressor matrix is random, determined by the the data y”, and where
we write the coefficients as a; to avoid confusing them with b;, where the subindex
refers to time 7.
We have the almost sure asymptotic optimality:

Theorem 3 Let the data be generated by an AR model (29), where the roots of the

polynomial 1—2?21 a;z_; are inside the unit circle, and €; is an id zero mean gaussian

process with variance 0. The process is also assumed to be ergodic and stationary

with Ez,7, = 3. Then for 6% = (1/n) X7 é2(n)

1 1
In =3, = &2 — k(1 +0(1)) a.s. (30)
n n

and

Inl/f(y" | X,) — 2In(2mes?)  k+1
H
Inn 2
almost surely.

The proof, which takes advantage of the proof of the asymptotic optimality of the
predictive model (2) in [14].

Proof. The proof takes advantage of the proof of the asymptotic optimality of
the predictive model (2) in [14]. The beginning point is the important equality (2.6)
n [14]

n

S =3 Em+ > det = Em (31)

m+1 1 m+1 1
where é(n) =y — Z}b,, for b, = col(ay(y"), ..., ar(y"™)). This gives
X Y diel ST E(m)
In = 1 2 Inl1 m+1 t 1 >4 392
n n%:l € = 1oy, + n[ + na_% na_% ]7 ( )



where no2 = "7 €2(n). By Corollary 4.2.1 in [14]

1 n
EZ e =1Ing +k—(1+o(1)) a.s. (33)
1
Hence g S &2 m) |
mil tet_ L &\m), _ ,mn
In[1 + no? no? =k - (14 0(1)) a.s.
and S g |
m+1 @€ nn
=k 1 1 34
=k (L 4o1) (34)
as well.
From (?77),

Y= e — QZdtet—i-ZdQet,

m—+1 m—+1 m—+1 m+41

which with (31) and (34)gives

Zet—na —62kIn(1 4 o(1) +Zd2

m+41 m+1

After we show that the last term is

Z d?e? = o(1)Inn (35)
m+1
we get the first claim, (30),
1
S 2 — né2[l - kﬁu +o(1))].

m+1

The second claim in the Theorem follows from (30), (19), (20), and (23).
We show first that 7;z; < aInt almost surely for « to be chosen later.
The density function for z; is gaussian

‘2‘1/2 —izy- 1z,

J(@) = (2m)i2¢ )

where by stationarity ¥ = E,z,7;. For p the least eigenvalue of ¥

fla) < (2L g
(2m)k/2
Let A, = {%; : 7,Z; > aInt}. Then
P(At> < ‘2‘1/2 Z e,%j;iidiu
(2m)k/2 i>t /B



where dz; is the differential volume and B; = {Z; : alni < Zjz; < aln(i + 1)}.
The integrand is upper bounded by i~7 for v = au/2, which remains constant on
the surface of the k-dimensional sphere of radius aln. Hence, the integration of the
surface area over the radius difference avln(1 + 1/i) = O(«/i) gives ¢~7 times the

volume of B;, or
i / dr < O~ 1) (Ind)k 1),
alni<r<aln(i+1)

The sum of this from i = ¢ to i = oo is upper bounded by O( [y~ 7dy) = O(t'™7) for
v > 2, and Y, P(A;) < oo. The claim follows by Borel-Cantelli lemma, namely, that
the probability of the event that z}z; > a/Int infinitely often is zero.

By the ergodic theorem (20) holds, and d; < O((Int)/t) a.s.. Since 37 dse? <
O(In(n/s))

sy o ™).

S S

n s—1 n
S odie; = didie; +Y " didie} < O(Ins) + O(
1 t=1 s

Take s = Inn, which implies (35) and the proof of the theorem follows.
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