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Models
data:

' =x,...,x, or (Y,2") = (y, 1), .-, (Yn, T)

class of models (structure 7 ):
M, = {p(z"0,7): 0 € QC RF v €T}

Example: Normal family of density functions for curve fit-
ting; mean u(B) = Ty = By + fixs + foxi + ..., and
variance 0. Par’s 6 = 3, 0?; structure = subset of indices
{B; : i € v} for parameters

model:

e finitely describable distribution to be fitted to data

e traditional ‘nonparametric’ models often idealized tar-
gets, which cannot be fitted to data; class M includes
‘nonparametric’ models like histograms

e name ‘class’ more appropriate than ‘likelihood’ function

e NO assumptions made about data generating mecha-
nism; no model ‘true’ or ‘right’ nor ‘false’ or ‘wrong’
not even approximation; just models with varying per-
formance

e fundamental difference from traditional statistics!



Modeling Problem: fit parameters 6 and their number
k (more generally structure v) to data

Main idea: Find parameters such that all information
from data extracted with given model class

Needed to quantify and measure intuitive notions:

e complexity
e information

® Noise

all as shortest code length. Want to be able to say ” When
using this model the data have x bits of complexity, y
bits of information, leaving z bits as unexplained noise”

Justification: For shortest code length must take advan-
tage of all regular features the models permit = best model
is the one with which shortest code length for data and the
model achieved

Two formalizations:

1. Kolmogorov's structure function in algorithmic com-
plexity theory

2. A suitable generalization of coding theory



Kolmogorov Structure Function

(original unpublished; I learned it from Vereshagin and Vi-
tanyi)

Kolmogorov-complexity K (x) = length of shortest (self-
limiting) program in a universal language to generate
r = x" (program = codeword of z in a 'prefix’ code)

Model of data z: Finite set S 3 x (properties of x)

Intuition:

e all strings in S share a common property

e size |S| inverse measure of amount of properties ex-
tracted from string with S

e | S| large < few properties (restrictions) of x extracted
e S={z} (|S| =1) & S captures all conceivable prop-

erties of

Note: pointless to claim that one model (set S 3 x) "true’
and others 'false’! However, can define optimal model



Idea: Want the shortest code length of whatever remains
when properties of maximum amount « extracted from x

ho(a) = minglog [S]: K(5) < a}

e F'ind smallest set S, on level a that includes x: all prop-
erties that can be extracted from x with code length
needed to describe S not exceeding «

e log |S|=max,cs K (y|S) (=, >) mean (equality, inequal-
ity) up to a constant not dependent on length of y)

o o> = hy(a)<h,(d)

o structure line: K(x) — a, (least possible amount of
unexplained ‘noise’ on level «)

e Two-part code length (on level «)
L(x,a) = L(x|S,) + L(S,) = he(a) + «




Optimal model

h.(&) + &
where & is optimal level:

min{a : hy(a) + a=K(x)}

e MDL principle for 2-part code!

e S; represents all learnable properties of x that can be
captured by finite sets

e leaving h,(a) as the code length for noninformative

moise’
K (x)
Q
for o < & for a > a
some properties all properties and even
captured leaving some noise modeled

a lot as noise
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Coding Prelude

A code is a one-to-one map C' : A — B*,

e alphabet A = {a;} is a finite set of symbols of any kind,
and B* = {0, 1}, set of finite binary strings

e extend C' to sequences s by concatenation: C(sa;) =

C(s)C(ai)

e C is a prefix code, if no codeword C(a;) is a prefix of
another.

Codeword lengths |C'(a;)| of prefix codes satisfy Kraft in-
equality
s 9~ 1Ce)] < 1,

(]
which gives a probability distribution

e P(a;) = 2—\C<a¢)!/za€A 0—|C(a)l

e Conversely, for any P on A the numbers [log1/P(a;)]
define a prefix code (non-unique).

e For large alphabets, like data strings, regard log 1/ P(a;)
as tdeal codeword lengths

e Conclusion
C< P.

e same with arithmetic codes by their construction
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Theorem 1 (McMillan, Doob) Let P be a distribu-
tion on A. The solution to

P(X)

Q(X)

is given by Q(x) = P(x), all x. Hence for all prefix

codes C' the mean code lengths |C(x)| satisfies
%P(:UMO(ZL’)‘ > %P(CE) log1/P(x) = H(P) entropy.

Fquality holds iff |C(x)| =log1/P(x), all x.

min Ep lo
é p 108

Conclusions:

e Optimal code design when P is given
e Best prefix code mimics data generating distribution

e Meaning of entropy: tight lower bound of all prefix
codes

e Important corollary: Kullback-Leibler distance
P(x)
Q(x)

D(P||Q) = 5 Pla)log

Notes:

e Entropy can also be defined as the per symbol limit of

the logarithm of number of ‘typical’ strings gener-
ated by P



e What to do when distribution f(x") over alphabet {z"}
not given?

e Instead, model classes {M, : v € I'},
M, = {£(5":0) 0 € )
selected; 6 = 04, ... 60; in structure ~
e F'irst problem: How to estimate vy or just k7
e Cannot do it by max; f(z"; 0(z"))

e What play the roles of shortest code length log 1/ f(x")
and entropy H(f) now?



Generalization of McMillan-Doob Theorem
Idea: Represent each model class M, by a universal model

fa™; MV)

e For each v the role of shortest code length is played by
log 1/f<37n§ M.,)

for the best universal model

e Optimality of entropy H(f) in previous coding theorem
gets generalized to inequality

Eylog1/q(z") > Eylog1/f(z" M.,) =
k
= Eplogl/f(x"0)+ 2logn—l— .

for all ¢ and all 6 except in a set whose size vanishes as
n grows.
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Two Universal Models
1. Mixture Model
fu(z"s M) = [ f(2"; 0)w(0)d0

With special prior w, ¢ = f,, solves the minmax problem
min max D(F(X™: 6)g(X")

Asymptotically, for models satisfying certain smoothness
conditions

f(X"0) klogn
2T

Eyl
" R T2

+log [, |J(0)]"2d6

Fisher information matrix

0*log 1/ f(y":0)

J(0) = limn ' Ey{ 5090 }
(V|

The excess over the entropy Fyglog 1/ f(X"™; 0) called regret;
(bad name!)
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2. Normalized ML Model

Normalized ML universal model

5 f(a"; 0(z"))
M) =
f(ﬂj 7) C%n

Since
f(@™0) = f(z",0(z");0) = f(2"|0(z"); 0)g(0(z"); )
and

9(0(2"):0) = [pnjiym—oem) f (0" O)dy"

we get
Con = fieqe 9(0;0)d0

(2° interior of (27, taken here as a compact set; df and dy”
differential volumes
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Properties

1. f (z"; M.,) is the unique solution g = ¢ to the minmax
problem (Shtarkov)

min max log fla";6(a"))
o q(z")

2. as well as to the maxmin problem

AN

fX™0(X™M))
g(X™)
3. When ¢ restricted to M,,, the maxmin and minmax

value log C.,,, cannot be beaten except for g in a set
whose volume — 0 as n — o0

= log C, n,

max mqin E,log = log C, ,,.

Because of these results define stochastic complexity
of 2", given M.

—log f(z"; M) = —log f(z"; O(x")) + log Chon

With Central Limit Theorem stochastic complexity has
the form

log1/f(a™; M,) = log1/f(z";0(z")) +

" log [, |T(0)]12%d6 + o(1)

L
— 10
2 B or
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Estimation of v by MDL Principle

For model classes {M, : v € I'} | construct ‘prior’ ()
from I', and joint

AN

Fu(a",7) = fla"; My)u(y)
such that (MDL principle):

° minuﬁ{log 1/f($”; M.,) + log 1/p(y)}

e usually not many u's available and L(u) short; can be
ignored

A deeper theory required to represent the optimal model
in the optimal class My because parameter space Q)7 not
countable. (The code length for properties (model) of data
should not exceed that of the datal)
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Structure function

Analogies with algorithmic notions:

e Set of programs replaced by model class M., (taken as
fixed)

e Set A replaced by quantized model f(z";6")

e Kolmogorov complexity replaced by stochastic complex-
ity

o K(A) replaced by code length L(6")

e log | A|, max code length of y € A, replaced by the max-
imum or mean code length of typical strings of f(x"; 6")
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Quantization of parameters

e Partition compact parameter space () by curvilinear
rectangles By, (7) such that D(f(X™;6")|| f(X";67))

between adjacent models constant

e Achieved (in the limit) with By, (¢) as maximal rectan-
gle within hyper ellipsoid (6 — 6")'J(6")(0 — 6") = d/n

e J(0#) Fisher information matrix satisfying

0°log 1/ f(y";0)
o0, =

0< J(@) =limn 'E{

(0= 6Y IO —6) = d/n

>
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e volume of B, (i)

4d k/2 '
V== J(0 —1/2.

e number of rectangles in compact space Q| /V = O(n*/?);
more accurately as follows

e define with g(é; 0), d.f. for statistic 0,

o 2 k/2
Quinl3) = e, s 9(0:6)d0 — ()
e nearly uniform prior W(0') = Qg/,(4)/Cj.n; number of
rectangles 1/WW (")

e 10 need to construct partition; enough to estimate rect-
angle By, (¢) that includes 0(x") with its code length
k. 7k

Ly(0") =In1/W (@) =~ sy, + Gy
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Two structure functions

hln(a) = mdin{ln 1/f(2":0) +d/2: Ly(8") < a}

1 o N
Ba (o) Horiesaao MU F 000"

Lq(0") < a}

hen(a) = mdin{

Can show

Pin(ar) = min{ln1/ F(z™0)+d/6: Ly0") < a}

Difference between the two: code length for maximum typ-
ical strings

In1/f(z";0)+d/2

and average code length of typical strings

In1/f(z";0)+d/6
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\\\\
Q Q
for a < & for a > «
some properties all properties and even
captured leaving some noise modeled

a lot as noise

AN

With second structure function (d = 3k)

e The amount of learnable information in data
a=InCy,+ (k/2)Inn/6

e The amount of unexplained noise

hi(a) = —In f(z™ é(x”)) +];

e The complexity of data (stochastic complexity)
—In f(z"; M}) = —In f(2™;0(z") + In Cj.
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Distinguishable distributions

Balasubramanian:

e The normalizing coefficient C,, in the NML model is
the number of ‘distinguishable’ models f; = f(z"; 6")

An intriguing result - abstract
No partition of parameter space
Support of all models the entire space; perfect distinguisha-

bility for f; not possible

Perfectly distinguishable (but impractical) models:
Fion - | P8 Quinti) i 00y) € B9

0 otherwise

| YN T
Qayn(i) = ./éeBd/n(i) 9(6;0)db — (7T/€> |

f(a"16") flan|gm)

l
Xd/n@) Xd/n(z + 1)

= {y": 0(y") € Byn(i)}
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Find models f(z"; 6") closest to the perfectly distinguish-
able ones

min D(F(X"|0(X") F(X";6)).

e The minimizing value d, converges to 3k
e same as with structure function h2,(a)!

e note: curves only in support Xg/,(7) count!

small d, large KL distance

l

better d, smaller KL distance
ST fan o)
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Optimally distinguishable models

fanid) e
///\\‘\ / N

<Z> Xd/n(z + 1)
= {y" : 0(y") € Byn(i)}

l
Xd/n

e Can compute probabilities P( X /n(z)) under all f (2"]67)

e Needed for confidence assessment in hypothesis testing

22



Hypothesis testing

e T'wo main problems with Neyman-Pearson theory:

1. hypotheses tested not models, hence the only uncer-
tainty due to sampling

2. no way to assess confidence, because don’t know
which hypothesis opposing the null hypothesis to
pick

Testing tn theory of distinguishable models:

Pick the null hypothesis as the center of one of the equiv-
alence classes for the optimal d = 3k, say 0"

The opposing composite hypothesis { f(z";67) : 67 # 6'}.

Test: Accept null hypothesis if §(z") € B i/m(1); else reject
1t.

Confidence in test:
P(B,,,(7))

where j such that (z") € B, (7).

(Confidence in accepting null hypothesis if j = 7; else in
rejecting it.)
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Optimal balance between

e uncertainty due to sampling

1

Bayn ()] Dm0 = 0070000 = 0)dy" = d/6
(grows with increasing | By, (¢)])

e uncertainty due to model fitting (grows with decreasing
|Ba/n(i)| because of increasing number of models)

La(0") = In(Ch 1/ Quyn(i)).

e The confidence increases rapidly with the increasing dis-
tance from the null hypothesis; the adjacent models to
it are hardest to distinguish.

e Don’t worry about other than the adjacent hypotheses
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Example: Bernoulli class.

Null hypothesis: P(z =0) =p =i/n; d = 3.

Byali/m)l = COY(G/m)(1 —ifm)? (1)
[ts probability
P(By(i/n) = 26(V3(i/n) (1 = ifn)"?) ~ 1.

For i/n = 1/3 the probability is about 0.6. One half of
the width of the interval is about 0.82, a little smaller than
standard deviation 1.

P(Bsg,(i/n))
2[1=P(Bgy,(i/n))]”
and if f(2") falls in one of the two adjacent intervals, the
confidence in rejecting is about twice as great.

If null hypothesis accepted, confidence is
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