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Abstract

We show that the normalized maximum likelihood (NML) distribution as
a universal code for a parametric class of models is closest to the negative
logarithm of the maximized likelihood in the mean code length distance, where
the mean is taken with respect to the worst case model inside or outside the
parametric class. We strengthen this result by showing that, when the data
generating models are restricted to be the most ‘benevolent’ ones in that they
incorporate all the constraints in the data and no more, the bound cannot be
beaten in essence by any code except when the mean is taken with respect to
the data generating models in a set of vanishing size.

These results allow us to decompose the code of the data into two parts, the
first having all the useful information in the data that can be extracted with
the family in question and the rest which has none, and we obtain a measure

for the (useful) information in data.

Index Terms - MDL-principle, minmax bounds, noise, relative redundancy, stochas-

tic complexity, useful information

1 Introduction

In this paper the central issue examined is to show that the normalized maximum

likelihood (NML) distribution of a parametric model class incorporates, intuitively



speaking, all the information in the data that can be extracted with the models in the
class. We do this by considering two cases, first when the data have constraints not
captured by the models in the class, and then when they have no other constraints than
those expressible in terms of such models. We formalize the first case by considering
the data as having been generated by a distribution outside the parametric model
class. We show that the NML distribution solves the following generalization of a
minmax problem in [3]
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where ¢ and g range over the set of virtually all distributions, é(:c") is the maximum
likelihood estimate of the parameters in the model class {f(z";0)} considered, and
z" = z1,...,T, denotes a data sequence. The same distribution solves also Shtarkov’s

minmax problem, [14],
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A similar generalization of the ordinary minmax redundancy problem to the min-

max relative redundancy problem
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was studied in [15], where the expectation is taken with respect to a distribution
outside the model class satisfying certain conditions, and f(z";8,) is the model in
the class that is nearest to g in the Kullback-Leibler distance. The solution is given
asymptotically by a modified Jeffreys’ mixture. We can see that the two problems
differ on the nature of the ideal target: In the second it is the ideal code length
log1/f(z";6,) of the unknown nearest model in the class to the data generating
distribution g, while in the first it is the unreachable lower bound log 1/ f(z™; é(m"))
of the ideal code lengths.

We then consider the case where the parametric model class does capture all the
constraints in the data. To formalize this we restrict the data generating models
to certain most ‘benevolent’ ones. Even with such a restriction we show that the

minmax bound is the same as when there are no restrictions on the data generating



models. Further, we strengthen this by showing that for any ideal code, identified
with a density function, the mean code length, the mean taken with respect to the
most benevolent distributions, cannot be significantly smaller than in the worst case,
except for a vanishing subset of them.

These results have important implications beyond universal coding. The negative
logarithm of the NML density function, which in [12] was defined to be the stochastic
complexity, breaks up into two parts: The first is the code length of the optimal
model as one of the set of (asymptotically) distinguishable models from the data,
and the second is the code length of equivalent data sequences that have no further
information about the optimal model. Here we are taking advantage of the idea
of ‘distinguishable models’, which has been introduced in [1] and [2]. We are then
justified to define the first part as the amount of (useful) information in the data
that can be extracted with the model class at hand. Despite the overused notions of
‘information’ and ‘complexity’ it seems to be desirable to formally separate the two
main constituents of the data, the latter playing the central role in data compression

and the former in statistical modeling.

2 Two MinMax Problems

Consider a class of parametric density functions M., = {f(z™;0,7) : 8§ € Q} de-
fined on sequences z" = =z1,...,z, of real numbers, where 7 is a structure index,
such as the pair (p, ¢) of autoregressive and moving average orders in ARMA models,
and the parameters § = 6;,...,60;, k depending on +, range over a subset ) of the
k—dimensional Euclidean space. In data compression problems the data are often
just characters from a finite alphabet, and the models are probability mass func-
tions P(z";8,v). In either case it is convenient to identify the negative logarithms
—log f(z™;6,7v) and —log P(z™;6,~) with ideal code lengths and the density func-
tions and probability mass functions themselves with ideal codes. The basis of the
logarithms is irrelevant, but for the sake of definiteness we use the natural logarithm.

It is clear that the models in the class M., cannot express all the statistical prop-
erties in real world data, no matter how large n is. One way to mathematically model

such a case is to let the data be generated with a distribution g(z") lying outside



the class such that it will give the data statistical properties different from those

expressible with the models in the class. Consider the following problem

A

infsup E; In FXT6(X7), ﬁy), (4)
? geG q(X™)

where é(:c") is the maximum likelihood estimate of the parameters in the class M.,

for fixed v, ¢(z") is a distribution; i.e. an ideal code, and G is a class of all dis-

A

tributions such that E,In(g(X")/f(X";6(X™),7)) < oco. This excludes the singular

distributions, which do not specify properties in data that we wish to learn.

Theorem 1 Let Q in M., be such that the integral

is finite. The solution to the problem (4) is the universal NML model
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Proof: We have
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The last equality results with the choice ¢ = g. The choice g = f achieves the
maximum In Cy,(7y) of the right hand side, which equals the expectation in the left
hand side of (8). The claims follow.



Notice that f involves only the models in the class M., so that it can be computed
and data encoded in the best manner with the models available in the class for the
worst case data generating distribution. The set of parameters {} forms an essential
part of the model class, and it affects the minmax bound In C,(y). Its selection to
insure the finiteness of the integral in (5) may involve additional hyperparameters. For
gaussian models in the linear regression problems, however, these can be determined
so that they will not affect the MDL criterion, which seeks to maximize f(:cn; 7v) over
v, [13].

Under certain conditions, Theorem 1 of [12]

In Cy(7) = gln v n [ \flT()1de + o), (9)

where I(0) is the Fisher information matrix

0%1n f(X;8,7)

10)=1{-F 96,06, b

A closely related formula for the minmax mean redundancy of Jeffreys’ mixture for
iid (independent identically distributed) processes was derived in [4].

The worst case bound In C, () clearly depends on the parametric class at hand,
which leaves room for lots of codes, whose mean length is shorter than that obtainable
with the NML model restricted to this class. Take for instance a family of nested

subclasses M = |J;, Mk, such as the set of polynomials of all degrees k, v = k, for curve

fitting, with the normal distribution for the deviations. If we put g = g = f(z"; k) for
k > m, then

E;ln f(XT; 6(X"),m) < InCp(m).
f(X™k)

This, of course, is possible because we are using codes with more powerful models
than those in the model class M,,.

Consider next the larger class of models M = U,cr M, where T' is a set of the
structure indexes such as k ranging from 0 to n in the preceding polynomial example.

We assume I to be finite as often is the case. Consider the second minmax problem

A

inf sup E, In X" A(XT)

7 geG q(X™) 7 (10



where 4(z") is the maximum likelihood estimate of the structure index of the univer-

~

sals f(X";v) for v € T'. With the same arguments as in the proof of Theorem 1 the
solution to (10) is given by the NML model for M

flam) = =—5——=, (11)

where

A~

Co=) fy™A(y™))dy"™, (12)

F(y™)=>

2

and the minmax value itself is obtained for g = f as InC,.

Because C,, does not affect the particular 4(z") obtained from the observed data
z" we see that so long as we are searching for the optimal universal model within the
class I' it can be found with the MDL principle

migln 1/ f(2"7) (13)

without need to compute C, nor to add a code length for the minimizing ¥; an
application to denoising is in [13].
To conclude this section we mention that the solution to (4) provides another way

to analyze the minmax relative redundancy, [15],

R.(y) = mqinr&aé( E;ln %, (14)
where f(X";6,,7v) minimizes the KL distance
min D(g(X")| F(X"36,7)). (15)
The minimizing parameter 8, is assumed to exist and to be unique. We have
minmax Fg In % < R.(y) <InCn(y) + max E,ln f(ﬁ;f;,(iz;;y,)y)’ (16)

where Ey is the expectation with respect to the model f(X™;6,~) in the class M.,,.
Since for iid processes we know the left hand side to be below InC,(y) in (9) by
k/2, [4], the determination of the asymptotic behavior of the relative redundancy

6



is reduced to the examination of conditions under which the last term is uniformly
bounded both in 6§, and n. If it, in fact, can be shown to converge to —k/2, the NML
model would achieve asymptotically even the minmax relative redundancy. Notice
that for iid processes both é(:cn) and (—1/n) Y, 1n f(z¢; é(w”),fy) converge to 6, and
—E;In f(X;8,,7), respectively, in g—probability one, [6] and [16].

3 Strong Lower Bound

In this section we study optimal code performance when all the statistical constraints
in the data are captured by the class M., of models. This has been done traditionally
with the assumption that some model in the class generates the data with the mean
redundancy as the performance measure, first in terms of the minmax mean redun-
dancy, [5], and later in the stronger sense that only rarely can the minmax bound be
beaten by any code, [9] and [8]. Since our performance measure is neither the mean
redundancy nor the mean relative redundancy, we supplement these results with a
different analysis.

Let € be a compact set of parameters. We discuss the case where the data range
over the real line so that the set of the maximum likelihood estimates é(:vn) is the entire
set £); the discrete case, where this is not true, is handled with obvious modifications.

Let
X;={y": 0(y") = 6}. (17)

f(@6(z™) = f"lb(="))p(b(")), (18)

where f(y”|é(:cn);9) is the density function with Xj(ony as its support induced by

f(y™; 8) and conditioned on é(:c"), and p(é(m"); 6) is the marginal density function of
the statistic é(:cn) We also dropped the repeated argument in f(:cﬂé(a:"), é(:c")) and
p(é(m”); é(:cn)) for simplicity. In these and the subsequent formulas we also omit the
structure index «y, because it is fixed, and show it only when needed.

We mention in passing that for the exponential families the conditional density



function f(m”|é) is uniform in its support, because, [11],

~In f(z";8(z")) = ~In f(z"|6(z")) — Inp(6(z")) = H(b(z")), (19)

where H(é(:cn)) is the empirical entropy, obtained by replacing 6 in the entropy func-
tion H(6) of X™ by the ML estimate. Since the right hand side and p(é(m")) depend
on the data strings only through the maximum likelihood estimate the claim holds.
Even for other model classes, whenever the asymptotic equipartition property holds,
the conditional density function is approximately uniform over nearly all of the sup-
port for large n.
Example: In the Bernoulli class the factorization (18) is given by

P(a";6) = (”)9m(1 —p)n

(m) \m

where 6 is the probability of symbol 1. The first factor is clearly a uniform probability
function in the set X,,/, of all strings of length n with m 1’s. Replacing # by é(a:”) =
m/n we get H(m/n) as nh(m/n), where h(p) is the binary entropy function, and (19)
is seen to hold.

When the code performance is measured by the mean redundancy the ideal target
for each parameter value 6 is In1/f(z™;0), and the most ‘benevolent’ data generat-
ing distribution would of course be the distribution f(z";6) itself, which minimizes
the Kullback-Leibler distance D(g||f(X™;0)). In our formalism for each maximum

likelihood estimate §y the ideal code with which the data sequence can be encoded is

£=76%)  for gn € X@O

f(y™6) = { (60 (20)

0 otherwise.
For this code the most ‘benevolent’ data generating distribution is again the code
itself g(m";éo) = f(y"|éo), with the ideal mean code length given by the entropy
of the distribution. Indeed, given bo = é(:c"), the remaining uncertainty about the
string z” 1s expressed optimally within the model class considered by f(y”|éo). This
distribution appears also to capture the intent that it incorporates all the constraints
in the data z™ that can be expressed in terms of the model class considered and no

more.



Example: For the Bernoulli class take fy = m/n. Then
g(z";m/n) = m

More generally, for exponential families the minimizing density function is uniform in

its support X; as we showed above.

We now have a parametric class of models CA}'AY = {g(z™; é) fe 1}, and we may

consider the minmax problem

A

Xn. 9 Xn
min max Fy In F(X70(X7), )
4 QGG’Y q(Xn)

—InCa(y), (21)

where we reintroduced the structure index 4. We have the theorem

Theorem 2 The minimizing q in (21) is given by the NML density function

A

f(=z"

i(a") = f(a"7) = =

3
—
2
~—

and the minmaz bounds (21) and (5) are equal:
Cal1) = Caln) = [ F("50(™), M)y = [ p(6)db. (23)
6(y™)eQ Q

Finally, the prior

a(9) = fni((z))de 2y
mazimizes the mean
/w(é)Egln FX0(X7), ) g (25)
9 g(X™; 0)w(0)

where w(é) ranges over all priors on ).

We use the term ‘prior’ for these distributions following tradition even though
they need not have anything to do with prior knowledge in the Bayesians’ sense. In
particular, @w could be called canonical prior, because it is constructed entirely in

terms of the data and cannot incorporate any prior knowledge whatsoever.



Proof: Let Q(é) be the probability of X; under the density function g(z"). The

minmax problem (21) is equivalent with

minmax{ D(£(X"[6,7)2(X")/Q(6)) + In gig T 1n Cal)}- (26)

This is closely related to Shtarkov’s minmax problem, (2), and the solution is found
by similar arguments: The first term within the curly brackets is nonnegative for all
g(z™), and so is the second for the maximizing é, because at that point the ratio of
the two distributions is not smaller than unity. Both terms vanish for the choice (22),
which proves the first two claims.

To prove the last claim observe that (25) is In C,(v) — D(w||w), which reaches its
maximum value In C,(y) for w = w.

The next theorem generalizes the strong lower bound in [9] as well as those in [8]
in that the expectation is taken with respect to density functions outside of the model
class M,. In [8] the proof relies heavily on the fact that the minmax bound is the
channel capacity for the model class M., in question, which requires the maximizing
mixture density. Here, this is not the case nor can we use any mixture density at all,
but because f(:c";’y) = f(:c"|é(:v”),’y)w(é) behaves like a mixture maximizing (25),
which plays the role of channel capacity, the quite ingenious arguments in the cited

reference still apply with modifications.

Theorem 3 Let the parameters of the model class M. range over a subset Q of the

euclidean space R* such that p(f), (18), satisfies

inf 6
0 < K < ‘nfecap(9) (27)
suPgeq P(f)
for some positive constant K. If Cp(y) — 00 as n — oo, then for any q(z™)
Xn g X"
Egy(.6)In F(X76(X7),7) > (1 —¢)lnCph(7) (28)

q(X™)

for every positive € and all § € Q@ — B,(q,€), where the volume of the ezceptional set

B..(q,¢€) goes to zero as n grows to infinity.
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The proof is given in Appendix A.
Discussion. Both of the assumptions in the theorem are satisfied if the maximum
likelihood estimates é(:vn) of the parameters in M., at each interior point of {} satisfy

the central limit theorem, and €2 is such that the Fisher information is both bounded

and bounded away from zero. In fact, then p(é) behaves like n*/24/ |I(é)|/(2ﬂ)"/2, and
(27) follows. To see that InC,(y) — oo, apply Theorem 1 in [9] to the model class
My, which gives

X6 k
Ef(.;g) In % Z (]_ — 6)§1I17’L
il

for all 6 except in a set whose volume goes to zero as n — oo. This immediately

implies that

FX™8(X™), )
f(X™;6,7)

InCp(y) > (1/2—6)§1nn—|—Ef(.;9,7)1n > (1 —e)glnn,

which shows that In C,,(y) — co. We chose not to assume the central limit theorem,
because the assumptions made suffice; for instance, the second condition is shown
to hold for exponential families in [7] without the assumption of the central limit
theorem.

Theorem 1 in the previous section dealt with the case where the data have regular
features that are not captured by the models in the class M., and we found the NML
density function among all density functions as ideal codes to minimize the mean
excess code length, the mean taken with respect to the worst case model of almost
any kind. Theorem 2, then, shows that the same minmax bound will result even
when the data generating models are restricted to the most ‘benevolent’ ones which
was our way to model the idea that the data have no other regular features than
those that can be expressed in terms of the models in the class M,. In other words,
regardless of what other constraints the data might have, the NML density function
guarantees the same worst case bound, which can be reduced only by designing codes
with more powerful models than those in the class chosen. Finally, in the case where
the parametric model class does capture all the constraints in the data, the third
theorem strengthens the second by stating that the worst case data generating model

is not a rare event: Nearly all of the ‘benevolent’ data generating models will be

11



almost as difficult to encode against no matter how the coding is done.

In conclusion, we have shown that it is not possible to encode data with a shorter
mean code length than that obtained with the NML model unless we permit more
elaborate models to be used in the code designs than those in the class M., which,

in turn, are subject to their own lower bound.

4 Complexity and Information

For the model class M., consider the decomposition

~In f(a") = —In f(2™ 6(™),7) + In Cal). (29)

A

We have defined —In f(z™;v) in [12] to be the stochastic complezity of the data se-
quence as the shortest code length, relative to the model class considered, the idea of
‘shortest’ to be taken in a probabilistic sense. This has been amply justified in the
present paper. By constrast, the interpretation of the two terms is not entirely clear,
other than the first representing an ideal target and the second the logarithm of the
necessary normalizing factor. A new and intuitively most pleasing interpretation of
the term In C,(y) as well as the stochastic complexity itself has been obtained in [1]
and [2] by differential geometric arguments without any appeal to code length. We
sketch the process in a somewhat different way and establish the link with the coding
theoretic interpretation of the previous sections to suit our purposes.

The idea is to consider the manifold of models f(y";8,~), 6 ranging over Q, with
a special metric induced by the Fisher information matrix I(6). Consider the hyper
ellipsoid (0 — 6,)'1(6,)(0 — 0;) < d centered at §;. Let 6, run through a finite set such
that the largest curvilinear rectangles within these ellipsoids partition the parameter
space by a nonuniform grid. Further, let d shrink as a function of n at such a rate
that the volumes of the rectangles become V;(n) = |I(6;)|~*/%(22)¥/? to within an
asymptotically ignorable error due to the fact that the sides of the rectangles are not
exactly straight lines. (If they were, the rectangles would not partition the space,
because the adjacent ones would overlap slightly). This shrinking rate is critical in
the sense that the models induced by the center points of two adjacent rectangles

can be distinguished from an increasing sequence of data in such a manner that the

12



probability of making a mistake goes to zero as n goes to infinity, while for a faster
shrinking rate the error probability does not go to zero. The startling outcome is
that the logarithm of the number of models that can be so distinguished from data
sequences z” is given by the formula (9) for In C,(7y). In [1] it was defined as the
geometric complexity of the model class considered.

We may now interpret the decomposition (29) as follows: The optimal code length
for the data sequence results if we first encode the optimal model as one of the
distinguishable models, each having equal probability 1/C, (), after which we encode
the data with the ideal code length given by the first term as one of the sequences y™
which get mapped by é() into the rectangle whose center point specifies the optimal
model. Hence these equivalent sequences define models which cannot be distinguished
from each other, and they add nothing to the ‘useful information’ represented by
the optimal model. We are then justified to define In C,(y) to be the amount of
information in the data that can be learned with the agreed model class.

When Shannon defined — In P(z") as the self information of a fixed probability
distribution P, there was no reason to distinguish between information and complex-
ity. By contrast, in our more general situation the two notions need be distinguished,
and Shannon’s self information will have to be interpreted as complexity in our sense.
After all, if we know the data generating distribution there is nothing further the data
can teach us about the data generating machinery; the information in our sense is
zero, as it should be.

Appendix A.
Proof of Theorem 3. Dropping again the fixed structure index v to simplify the
notations, let B be the exceptional set B,(g, €) in the theorem

f(minif)dm“ <(1—-¢€)lnCy}, (30)

q(z

B = {é : /g(:c";é) In

and define

0 otherwise

B(ym) — { f(z"|8)w(6)/w(B) for b € B



otherwise

Blym) — {g(m"w)w(e)/w(é) for 6 € B

where B = ) — B. We then have the identity

/Qdé/gw(:cn) In ];E:(’;né)) dz" = / dG/gw gw mf)) dz™

+ w(B)/Bdé/gg(:cn) In %dmn

+ h(w(B)), (31)

where, we remind the reader, h(-) denotes the binary entropy function.
Using the definition of the exceptional set B we can upper bound the integral in

the first term of the right hand side as follows:

/d&/ 59 ))d:n" < /de/ (@ nf)dm (32)
< (1—¢€)lnC,, (33)

the first inequality following from Shannon’s inequality. The integral in the second
term of (31) is upper bounded by In (), because the restricted prior @ (9) differs
from w(#), which maximizes (25). Replacing the left hand side of (31) by InC,, we
get with these upper bounds, as in [8], the inequality

InC, <w(B)(1 —¢€)InC, + (1 —w(B))InC, + h(w(B)). (34)
This reduces to

1
> .
lnﬁ)(B) + %(B) lnl—u_)(B) >elnC,

Since the maximum of the second term is 1 @(B) — 0 as InC,, — co. If p and p are
the infinum and the supremum, respectively, in (27), we have

A

8)dd = C, < p
/Qp() C, <

where |A| denotes the volume of a set A, and

o 2]

|B| = de p(B)db = ~Crd(B) < “ra(B). (35)

Because w(B) shrinks to zero as n grows to infinity, and so does |B].
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